This lecture is devoted to review some of the main properties of multisymplectic geometry. In particular, after reminding the standard definition of multisymplectic manifold, we introduce its characteristic submanifolds, the canonical models, and other relevant kinds of multisymplectic manifolds, such as those where the existence of Darboux-type coordinates is assured. The Hamiltonian structures that can be defined in these manifolds are also studied, as well as other important properties, such as their invariant forms and the characterization by automorphisms.
Introduction
Although there are several geometrical models for describing classical field theories, namely, polysymplectic, k-symplectic and k-cosymplectic manifolds [16, 22, 27, 28] ; multisymplectic manifolds are the most general and complete tool for describing geometrically (covariant) first and higher-order field theories (see, for instance, [1, 4, 8, 14, 15, 17, 19, 23, 26, 29, 31] and the references quoted on them). All of these kinds of manifolds are generalizations of the concept of symplectic manifold, which are used to describe geometrically mechanical (autonomous) systems.
This talk is devoted to review some of the main properties of multisymplectic geometry and is mainly based on the results presented in [5, 6, 9, 13, 21] . In particular we discuss the following topics: the basic definition of multisymplectic manifold (in Section 2) and the Hamiltonian structures associated to a multisymplectic form (Section 3), the characteristic submanifolds of multisymplectic manifolds (Section 4), the canonical models and the existence of Darboux-type coordinates (Section 5), other kinds of relevant multisymplectic manifolds (Section 6) and, finally, some interesting theorems of invariance and characterization by automorphisms (Section 7).
All the manifolds are real, second countable and C ∞ . The maps and the structures are C ∞ . Sum over repeated indices is understood.
Multisymplectic manifolds
(See [5, 6, 13] for details).
• The form Ω is 1-nondegenerate if, for every p ∈ M and X p ∈ T p M ,
• The form Ω is a multisymplectic form if it is closed and 1-nondegenerate.
If Ω is only closed then it is called a pre-multisymplectic form.
If Ω is only 1-nondegenerate then it is an almost-multisymplectic form.
If dim M ≥ 2, then a multisymplectic k-form has degree k ≥ 2.
The property of 1-nondegeneracy can be characterized equivalently as follows: a differentiable kform Ω is 1-nondegenerate if, and only if, the vector bundle morphism
and thus the corresponding morphism of C ∞ (M )-modules
Some examples of multisymplectic manifolds are the following: Multisymplectic manifolds of degree 2 are just symplectic manifolds. Multisymplectic manifolds of degree n are orientable manifolds and the multisymplectic forms are volume forms. Bundles of k-forms (k-multicotangent bundles) endowed with their canonical (k + 1)-forms are multisymplectic manifolds of degree k + 1. Jet bundles (over m-dimensional manifolds) endowed with the Poincaré-Cartan (m + 1)-forms associated with (singular)Lagrangian densities are (pre)multisymplectic manifolds of degree m + 1.
Hamiltonian structures in multisymplectic manifolds
(See [5, 6, 13] for details). The local description of multivector fields of degree m is the following: for every p ∈ M , there are a neighbourhood U p ⊂ M and local vector fields X 1 , . . . , X r ∈ X(U p ), with m ≤ r ≤ dim M , such that
Every multivector field X ∈ X m (M ) defines a contraction with differential forms Ω ∈ Ω k (M ), which is the natural contraction between tensor fields. In particular, if X is expressed as in (1), we have that
Then, the k-form Ω is said to be j-nondegenerate
Then, for every form Ω ∈ Ω k (M ) (k ≥ m) we have the morphisms
Definition 5. Let (M, Ω) be a multisymplectic manifold of degree k.
A vector field X ∈ X(M ) is a locally Hamiltonian vector field if its flow consists of multisymplectic diffeomorphisms. It is equivalent to demand that
is said to be a locally Hamiltonian form for X.
is said to be a Hamiltonian form for X.
Characteristic submanifolds of multisymplectic manifolds
(See [6, 9] for details).
Remark 2. For every distribution W, we have that W ⊥,r ⊂ W ⊥,r+1 . As a consequence, every risotropic distribution is (r + 1)-isotropic, and every r-coisotropic distribution is (r − 1)-coisotropic.
As a particular situation, if we have a submanifold N of multisymplectic manifold M , we can take as distribution in TM the tangent bundle TN and this allows us to establish a classification of these submanifolds as follows:
And, in particular we have: 5 Canonical models for multisymplectic manifolds. Darboux-type coordinates (See [9] for details and proofs).
In the same way as the tangent bundle of a manifold is the canonical model for symplectic manifolds, the canonical models of multisymplectic manifolds are the bundles of forms. These canonical models are constructed as follows:
• If Q is a manifold, the bundle ρ : Λ k (T * Q) → Q is the bundle of k-forms in Q.
The tautological form (or 
is a multisymplectic manifold of degree k + 1.
, then the local expressions of these canonical forms are
These are called Darboux coordinates in Λ k (T * Q).
• If π : Q → E is a fibration, let ρ r : Λ k r (T * Q) → Q be the subbundle of Λ k (T * Q) made of the r-horizontal k-forms in Q with respect to the projection π (that is, the k-forms in Q vanishing when applied to r π-vertical vector fields in Q.
, This is the tautological k-form in Λ k r (T * Q), and then, if we construct Ω r Q = dΘ r Q ∈ Ω k+1 (Λ k r (T * Q)), we have that (Λ k r (T * Q), Ω r Q ) is also a multisymplectic manifold of degree k + 1.
In the same way, there are also charts of Darboux coordinates in Λ k r (T * Q) on which these canonical forms have a local expressions similar to the above ones.
Nevertheless, unlike symplectic manifolds, multisymplectic manifold (M, Ω) in general are not (locally) diffeomorphic to their canonical models, and additional properties are needed in order to have a Darboux theorem which assures the existence of Darboux-type coordinates. In particular, in order to have multisymplectic manifolds which locally behave as the canonical models, it is necessary to endow them with additional structures: a 1-isotropic distribution W satisfying some dimensionality conditions, and a "generalized distribution" ε defined on the space of leaves determined by W. In fact, the existence of distributions satisfying certain properties is a necessary condition in order to establish Darboux-type theorems for different kinds of geometrical structures (presymplectic, cosymplectic, k-(pre)symplectic, and k-(pre)cosymplectic) [2, 7, 11, 20] . Thus: Definition 8. Let (M, Ω) be a multisymplectic manifold of degree k, and W a 1-isotropic involutive distribution in (M, Ω).
The triple (M, Ω, W)
is a multisymplectic manifold of type (k, 0) if, for every p ∈ M , we have that: 
where the horizontal forms are considered with respect to the subspace E(p).
And the fundamental result is the following: 
There is a diffeomorphism
, and a fibration π : M → Q such that ρ • φ = π (resp. ρ r • φ = π), and φ * Θ Q = Θ (resp. φ * Θ r Q = Θ).
((M, Ω) is multisymplectomorphic to a bundle of forms).
Every special multisymplectic manifold is a locally special multisymplectic manifold and hence has charts of Darboux coordinates at every point. 6 Other kinds of multisymplectic manifolds (See [13] for details and proofs).
It is a well-known property of symplectic manifolds that the set of local Hamiltonian vector fields span locally the tangent bundle of the manifold and, hence, the action of the group of multisymplectic diffeomorphisms on M is transitive. Nevertheless, in general, these properties do not hold for multisymplectic manifolds and so locally Hamiltonian vector fields in a multisymplectic manifold (M, Ω) do not span the tangent bundle of this manifold, and the group of multisymplectic diffeomorphisms does not act transitively on M . In order to achieve this we need to introduce additional conditions. Hence, we define: Definition 11. Let M be a differentiable manifold, p ∈ M and a compact set K with p ∈ • K. A local Liouville or local Euler-like vector field at p with respect to K is a vector field ∆ p ∈ X(M ) such that: 
there exists a diffeomorphism ϕ :
.
Ω is locally homogeneous if it is locally homogeneous for all p ∈ M .
A locally homogeneous manifold is a couple (M, Ω), where M is a manifold and Ω ∈ Ω k (M ) is locally homogeneous.
Therefore we have that: 
Invariance theorems
(See [13, 21] for details and proofs).
As final remarks, in this Section we generalize some classical theorems of symplectic geometry in the field of multisymplectic manifolds.
The first one is a partial generalization of Lee Hwa Chung's Theorem for symplectic manifolds, which characterizes all the differential forms which are invariant under infinitesimal symplectomorphisms [24, 25, 18] : (ii) The form α is invariant by the set of locally Hamiltonian vector fields; that is, L(Z)α = 0, for every Z ∈ X lh (M ).
Therefore:
The second one is a generalization of some Theorems of Banyaga for symplectic (and orientable) manifolds [3] : 
2. The map ϕ * maps locally Hamiltonian vector fields of (M 1 , Ω 1 ) into locally Hamiltonian vector fields of (M 2 , Ω 2 ).
3. In addition, if ϕ * maps locally Hamiltonian multivector fields of (M 1 , Ω 1 ) into locally Hamiltonian multivector fields of (M 2 , Ω 2 ), then there is a constant c such that ϕ * Ω 2 = c Ω 1 .
Thus, the graded Lie algebra of infinitesimal automorphisms of a locally homogeneous multisymplectic manifold characterizes their multisymplectic diffeomorphisms.
Conclusions and discussion
Some of the main properties and characteristics of multisymplectic manifolds have been reviewed in this disertation. Although most of them are generalizations of other well-known results for symplectic geometry, in the multisymplectic case, they are more elaborated and richer than for symplectic manifolds, in general; and it is for this reason that this is a topic of active research [30] .
In particular, other interesting properties of multisymplectic manifolds which have not been analyzed here are, for instance: the graded Lie algebra structure of the sets of Hamiltonian forms and Hamiltonian multivector fields [5, 13] , polarized multisymplectic manifold and its general structure theorem [6] , as well as other properties and relevance of r-coisotropic, r-isotropic and, especially, of r-Lagrangian distributions and submanifols [6, 9] , and the characterizations of multisymplectic transformations [13] .
